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The article contains a definition of p-adic height function on the group of Q- 
points of an elliptic curve and the formula of the mod p variant of the Birch- 
Swinnerton-Dyer conjecture. Presented are the results of numerical computations 
which confirm this conjecture in several particular cases. 0 1984 Academic Press, Inc. 
1 
Let E be an elliptic curve over Q, having a strong Weil parametrisation: 
X,,-+@ E, where X, is the modular curve T,(N)w, N is the geometrical 
conductor of E. Suppose p is a prime, such that E has good reduction mod p. 
In this case we can define the p-adic L-function of E as L,(E/Q s), where s 
is a p-adic parameter (see [2]). In this article, we define an aqalogue of 
N&on pairing ( , ),: E(Q) x E(Q)+ pZ,/p’Z, and state a p-adic Birch- 
Swinnerton-Dyer conjecture mod p. The construction allows us to state a 
conjecture mod p”, rt arbitrary, but our numerical computations do not 
confirm this conjecture for higher powers of p, at least in its simplest form. 
Conjecture. If p # 2, 3, p not supersingular or anomalous for E, then 
Here r = rk E(Q), HP is the determinant of the form ( , ), on 
WWW,or, 9 LLl = LLl(E/Q) is the Safarevitch-Tate group of E, v runs 
over all the primes q, where E has bad reduction, and the infinity, m, is the 
number of connected components of E mod q, rational over IF, (resp. 
components of E(lR)). The limit in the left side is understood in the p-adic 
sense, the conjecture includes its existence and the finiteness of the group 
LLl(E/Q). When r = 0, the formula does not contain HP, both sides of it are 
rational numbers, and it is well known, that the conjecture of their precise 
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equivalence coincides with the “archimedean” Birch-Swinnerton-Dyer 
conjecture. The results of numerical computations are presented in Section 4. 
For both curves in Section 4, r = 1. 
2 
Suppose p > s, E/Cl& an arbitrary elliptic curve, E,,, c E(C$,) are the 
points, whose reduction mod p lies in the connected component of the 
identity, Ek,p c E(C&) the points with Lutz filtration >k. The Weierstrass 
functions ‘Q(z) = l/z* + C& (2k + 1) G,,(E) zzk and V’(z) give an 
isomorphism @: pZ, -+ E, p of analytic groups, preserving the filtration. If 
Y* + a,XY + a3 Y = X3 +h,X’ + a,X + a6 is a minimal equation of E, then 
l)(z) =X(@(z)), g’(z) = (2Y + a,X+ aJ@(z)). Define a Weierstrass 
u-function: 
E 1,p + Pqo u,(a)=zexp 
O” G*,(E) 2kt2 - r -z 
ky, 2k + 2 ’ 
where z = Qp- ‘(a). Due to usual power series expansion, it satisfies the 
functional equations: 
up@ @ b) u,(a@) = -u;(a) u;(b)(x(u) -X(b)) 
up(a 0 a) = -u;(a>(2Y(a) + a,X(u) + a3) 
(2) 
Now let E be defined over Cl!, and consider a function Z(a): E(O) n E,,, -+ 
p*Z/f 1 - the denominator of X(a). Then iv,(Z(a)) = (the filtration of a). 
The following lemma is well known: 
LEMMA. The function \/z(a) up to a sign satisfies the functional 
equations (2). 
The proof follows easily from the addition formula. 
Now define a p-adic height function h,: E(Q) Cl E, ,p -+ pZ, by 
h,(a) = -log, 
It follows from the lemma that h, is a quadratic function on the group 
W-W-%,,. Since E(Q) n E,,, is a subgroup of fmite index in E(Q), h, 
may be extended uniquely on E(Q)/E(Q),,,, due to quadraticity. If p is not 
anomalous for E, the image of h, will lie in pi&. It can be checked, that this 
function is equal to one defined by Neron in [3] with the help of the limit 
construction. Note, that the choice of h, is somehow arbitrary, namely, we 
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can add to h, a function I(@-‘(a))’ with some 1. However, if 1 E h,, then 
this addition does not change h,(a) mod p*. ( , ),, is, by definition, a 
bilinear form corresponding to (h, mod p’) and extended by 0 on E(Q)l,,rs. 
3 
Suppose E satisfies the conditions of Section 1. Every rational number I 
determines an element I&) E H,(X,, Q), namely, the class of the image of a 
path {ice, rl under the map H-+X, [ 11. Consider the composition 
map Q +@ H,(X,, Q) --+“* H,(Z3, Q). H,(E, Q) has two canonical, up to a 
sign, generators y+ and y-; y+ is invariant under the complex conjugation, 
y- changes the sign, and one can define two functions x’(r) and X-(T): 
Q+ Q, the coordinates of p* v(r) in the basis (y”, r-). An algorithm of 
computing these functions is presented in [ 11. Suppose p is not supersingular 
for E, x2 - I,x + p is the characteristic polynomial of the Frobenius 
automorphism F, of the Tate module of E, p E Z, its p-adic unit root. A 
distribution pE on Zt is defined by the formula: 
&a + (P”)) =I+“x+ (j-q -p-v+ (j+)? (4) 
where a E Z. It is well known, that this is a measure with the values in a 
finitely generated Z,-submodule CQ,. Choose the coordinate s E 1 + ph, on 
the set of wild characters x: Z; -+ Zt, so that xs(y) = ys-’ for any 
topological generator of 1 + pZ,. Then the p-adic L-function of E has the 
form: 
It can be computed with an arbitrary precision. In our computation we have 
used the formula: 
; L;(E(Q), 1) = &(I+ ~1~ modp' 
P2 
(6) 
which follows easily from (4), (5), and the fact, that x+ has period I. When 
I = 1, then the conjecture (1) may be stated in a more simple form. Let N, 
be the number of points of E mod p, then Np = p + 1 -p -p -‘p, hence 
NP = 1 -p mod p. Suppose a is the generator of the group E(Q) up to 
torsion, and let X(N,a) = U(N,a)/Z(N,a), where U(N,a)/Z(N,u) is an 
irreducible fraction. From the power series expansion for the functions o,, 
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and 13, it follows that oi(N,a) X(N,a) z 1 mod p, hence h,(N,a) = 
log, U(N,a) mod p. The conjecture (1) has in this case the form: 
4 
Consider two curves E,: Y* + Y =X3 -X with conductor 37 and E,: 
Yz + Y = X3 +X2 with conductor 43. From the “archimedean” Birch- 
Swinnerton-Dyer conjecture (if it is valid) and our earlier computations [4] 
it follows that [LLl(E,, Q)] = 1. It is known also that rk E,(Q) = 1 and E,(Q) 
is generated by the point (0,O) [5]. We have realised on the computer 
BESM-6 a program, which proves the following statement: 
Fact: If we suppose [LLi(E,, Cl!)] = 1, then 
(a) The conjecture (1) is valid for E, and all p: 5 < p < 100, except 
p = 17,19 (supersingular), 37 (bad reduction), 53 (anomalous). 
(b) The conjecture (1) is valid for E, and all p: 5 < p & 100, except 
p = 5 (anomalous), 7,37 (supersingular), 43 (bad reduction), 13 (the 
precision of computations is not enough, since Z(N,,(O, 0)) is divisible 
by 136). 
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